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THE MULTISET DIMENSION OF GRAPHS
Rinovia Simanjuntak, Presli Siagian and Toma´sˇ Vetr´ık
Abstract. We introduce a variation of metric dimension, called the multiset dimension.
The representation multiset of a vertex v with respect to W (which is a subset of the
vertex set of a graph G), rm(v|W ), is defined as a multiset of distances between v and the
vertices in W . If rm(u|W ) 6= rm(v|W ) for every pair of distinct vertices u and v, then W
is called an m-resolving set of G. If G has an m-resolving set, then the cardinality of a
smallest m-resolving set is called the multiset dimension of G, denoted by md(G). If G
does not contain an m-resolving set, we write md(G) =∞.
In this paper we present basic results on the multiset dimension. We obtain some
(sharp) bounds for multiset dimension of arbitrary graphs in term of its metric dimension,
order, or diameter. We provide some necessary conditions for a graph to have finite
multiset dimension, with an example of an infinite family of graphs where those necessary
conditions are also sufficient. We also show that the multiset dimension of any graph other
than a path is at least 3 and finally we provide two families of graphs having the multiset
dimension 3.
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1 Introduction
In July 2013, at Graph Master 2013, which was held at the University of Lleida
in Spain, the first author presented a survey on metric dimension of graphs. The
metric dimension was introduced separately by Slater [6] and Harary and Melter
[3].
Let G be a connected graph with the vertex set V (G). The distance d(u, v)
between two vertices u, v ∈ V (G) is the number of edges in a shortest path between
them. A vertex w resolves a pair of vertices u, v if d(u,w) 6= d(v, w). For an ordered
set of k vertices W = {w1, w2, . . . , wk}, the representation of distances of a vertex
v with respect to W is the ordered k-tuple
r(v|W ) = (d(v, w1), d(v, w2), . . . , d(v, wz)).
A set of vertices W ⊂ V (G) is a resolving set of G if every two vertices of G have
distinct representations. A resolving set with minimum cardinality is called a metric
basis and the number of vertices in a metric basis is called the metric dimension,
denoted by dim(G).
After Graph Master 2013, Charles Delorme, who was in the audience, send a
suggestion to the first author to look at the multiset of distances, instead of looking
at the vector of distances to some given set of vertices. Let us copy an excerpt of
Charles’ email.
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Instead of looking at the list of distances to some code in graph, we may look
at the multiset of distances.
However, contrarily to the case of lists, where a sufficient large code allows
the identification of all vertices, it may happen that no code provides identi-
fication. This is the case if the graph has too many symmetries.
For example, a complete graph with n ≥ 3 vertices and a code with m vertices
(with 1 ≤ m < n) gives only two multisets, namely {1n} for vertices out of
the code and {0, 1n−1} for vertices in the code.
Some graphs however have a code such that the multiset of distances identifies
the vertices. It is the case for cycles with n ≥ 6 vertices.
Other example; Petersen graph. We recall that all graphs with less than 7 ver-
tices admit some non-trivial automorphism. Therefore, any code in Petersen
graph with at most 6 vertices contains two vertices with the same multiset
of distances. On the other hand, if the code has 7 or more vertices, some
non-trivial automorphism of the whole graph preserves the complement of the
code and the multisets in an orbit of this automorphism are the same.
Charles fell ill at the end of 2013 and he was not in a good health condition
until his passing away in 2015. This is one of the reasons why we did not pursue
his idea further. Four years later, we reencountered Charles’ email and felt that
it is worthwhile to explore this new idea, since the notion is interesting and it has
different properties than the original notion of metric dimension.
We start by formally defining the multiset dimension.
Definition 1.1. Let G be a simple and connected graph with vertex set V (G). Sup-
pose that W is a subset of V (G) and v is a vertex of G. The representation multiset
of v with respect to W , rm(v|W ), is defined as a multiset of distances between v
and the vertices in W . If rm(u|W ) 6= rm(v|W ) for every pair of distinct vertices
u and v, then W is called an m-resolving set of G. If G has an m-resolving set,
then an m-resolving set having minimum cardinality is called a multiset basis and
its cardinality is called the multiset dimension of G, denoted by md(G); otherwise
we say that G has an infinite multiset dimension and we write md(G) =∞.
In this paper we present basic results on the multiset dimension. We obtain
some (sharp) bounds for multiset dimension of arbitrary graphs in term of its metric
dimension, order, or diameter (Chapter 2). We provide some necessary conditions
for a graph to have finite multiset dimension, with an example of an infinite family
of graphs where those necessary conditions are also sufficient (Chapter 3). We also
show that the multiset dimension of any graph other than a path is at least 3 and
finally we provide two families of graphs having the multiset dimension 3 (Chapter
4).
2 Some bounds
From the definitions it is clear that an m-resolving set of a graphG is also a resolving
set of G, which leads to the following.
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Lemma 2.1. md(G) ≥ dim(G).
This bound is tight, since it is well-known that the metric dimension of a graph
G is one if and only if G is a path and we obtain an equivalent result for the multiset
dimension. Here we use Pn to denote a path on n vertices.
Theorem 2.1. The multiset dimension of a graph G is one if and only if G is a
path.
Proof. The set containing a pendant vertex of a path is an m-resolving set, thus
md(Pn) = 1. Now we show that if md(G) = 1, then G is a path. Let W = {w}
be a multiset basis of a graph G. Then d(u,w) 6= d(v, w) for any two vertices
u, v ∈ V (G), which means that there exists a vertex x such that d(x,w) = n − 1
(where n is the order of G). This implies that the diameter of G is n− 1, hence G
is the path Pn.
A more non-trivial example of a family of graphs with md(G) = dim(G) is
presented in Theorem 2.2. To prove the theorem a few definitions and properties
are in order. A major vertex of G is a vertex of degree at least 3. A pendant vertex
u of G is a terminal vertex of a major vertex v of G if d(u, v) < d(u,w) for every
other major vertex w of G. A major vertex v of G is an exterior major vertex of G
if it has at least one terminal vertex. Let σ(G) denote the total number of terminal
vertices of the major vertices of G and let ex(G) denote the number of exterior
major vertices of G. Then the following lower bound holds for general graphs.
Lemma 2.2. [1] dim(G) ≥ σ(G)− ex(G).
By a branch of a vertex u we mean a maximal subgraph with the vertex u as an
end point and by a path branch at u we mean a branch of u which is isomorphic to
a path.
LetH be a graph and p a positive integer. We denote byH(p) the graph obtained
from H by subdividing each of its edges p − 1 times. It is easy to check that the
metric dimension of K
(p)
1,n is always n− 1, but that is not the case for the multiset
dimension.
Theorem 2.2. Let K1,n be a star on n + 1 vertices. For any positive integer n,
md(K
(p)
1,n) = dim(K
(p)
1,n) = n− 1 if and only if p ≥ n− 1.
Proof. We denote by vc the center of the star.
Consider p ≥ n − 1. By Lemma 2.2, md(K
(p)
1,n) ≥ dim(K
(p)
1,n) = n − 1. Now
choose a set W containing n − 1 vertices, each from distinct subdivided edge and
each has distinct distance from vc. It is easy to see that W is m-resolving and so
md(K
(p)
1,n) = dim(K
(p)
1,n).
Let p < n−1 and consider an arbitrary setW on n−1 vertices. If all vertices of
W are in different branch paths at vc, then there must be (at least) two vertices ofW
having same distance from vc. Those vertices will then have the same representation.
If all vertices of W are not in different different branch paths at vc, then there are
at least 2 different branch paths at vc, say P1 and P2, containing no vertex of W
(we do not mind vc to be in W ). Then the i-th vertex of P1 and P2 have the same
representation for every i = 1, 2, . . . , p. Therefore W is not an m-resolving set.
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It is interesting to ask whether we could construct a graph where the gap between
its metric and multiset dimensions could be as large as we want.
Problem 2.1. Let c be a positive integer. Find a graph G such that md(G) =
dim(G) + c.
Another lower bound is obtained by proving that no graph has multiset dimen-
sion 2 and using the fact that only paths have multiset dimension 1 (Theorem 2.1).
The sharpness of this bound will be discussed in Section 4.
Lemma 2.3. No graph has multiset dimension 2.
Proof. Assume that md(G) = 2 for some graph G. Let W = {w1, w2} be an m-
resolving set of G. Then rm(w1|W ) = {0, d(w1, w2)} = rm(w2|W ), a contradiction.
Theorem 2.3. Let G be a graph other than a path. Then md(G) ≥ 3.
Another bound relates the multiset dimension of a graph with its diameter.
Theorem 2.4 gives a better lower bound than the one presented in Theorem 2.3.
For positive integers n and d, we define f(n, d) to be the least positive integer k for
which (k+d−1)!
k!(d−1)! + k ≥ n.
Theorem 2.4. If G is a graph of order n ≥ 3 and diameter d, then md(G) ≥
f(n, d).
Proof. Let W be a multiset basis of G having k vertices. If x is a vertex not in
W , then rm(x|W ) = {1
m1 , 2m2 , . . . , dmd}, where m1 + m2 + · · · + md = k and
0 ≤ mi ≤ k for each i = 1, 2, . . . , k. Then there are C(k + d − 1, d − 1) different
possibilities for representation of x. Since we have n−k vertices not in W , (k+d−1)!
k!(d−1)!
must be at least n− k. Hence (k+d−1)!
k!(d−1)! + k ≥ n.
Problem 2.2. Is the bound in Theorem 2.4 sharp?
So far we only obtain lower bounds for the multiset dimension of an arbitrary
graph. If a graph G on n vertices has finite multiset dimension, it is obvious that
md(G) ≤ n. However we suspect that this bound is not sharp and so we suggest
the following conjecture.
Conjecture 2.1. If G is a graph on n vertices having finite multiset dimension,
then md(G) ≤ n− 1.
Combining Theorem 2.3 and Conjecture 2.1, we ask the following.
Problem 2.3. For any integer 3 ≤ c ≤ n− 1, find a graph G with md(G) = c.
It is also interesting to bound the multiset dimension by using other graph
parameters. Here we propose to study two particular parameters.
Problem 2.4. Let G be a graph on m edges. If md(G) is finite, find lower and
upper bounds on md(G) with respect to m.
Problem 2.5. Let G be a graph with minimum degree δ. If md(G) is finite, find
bounds on md(G) with respect to δ.
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3 Finiteness of multiset dimension
In this section we give two necessary conditions for a graph to have finite multiset
dimension.
Lemma 3.1. Let G be a graph and let W ′ be a set of vertices, where |W ′| ≥ 2. If
every pair of vertices in W ′ is of distance at most 2, then W ′ is not an m-resolving
set of G.
Proof. We prove the result by contradiction. Assume that every pair of vertices
in W is of distance at most 2 and W is an m-resolving set of G. We denote
the vertices in W by w1, w2, . . . , wp, where p ≥ 2. For i = 1, 2, . . . p, we have
rm(wi|W ) = {0, 1
m1, 2m2}, where m1 +m2 = p− 1. Since we have p vertices in W
and they have different representations, their representations must be
{0, 1p−1}, {0, 1p−2, 2}, . . . , {0, 1, 2p−2}, {0, 2p−1}.
Without loss of generality we can assume that the vertex having the represen-
tation {0, 1p−1} is w1 and the vertex having the representation {0, 2
p−1} is wp.
Since rm(w1|W ) = {0, 1
p−1}, it follows that d(w1, wp) = 1, a contradiction to
rm(wp|W ) = {0, 2
p−1}. Hence, W is not an m-resolving set of G.
In a graph of diameter at most 2, the distance between any two vertices is at
most 2, thus Theorem 3.1 is a corollary of Lemma 3.1.
Theorem 3.1. If G is a non-path graph of diameter at most 2, then md(G) =∞.
This means that cycles with at most 5 vertices, complete graphs, stars, the
Petersen graph and strongly regular graphs have infinite multiset dimension. Since
it is well known that “almost all graphs have diameter 2” [5], we could also state
that the following corollary.
Corollary 3.1. Almost all graphs have infinite multiset dimension.
The last necessary condition needs the definition of twins as follow. Two vertices
u and v are said to be twins if N(u) \ {v} = N(v) \ {u}. If u and v are twins in
G, then d(u, x) = d(v, x) for any other vertex x in V (G) \ {u, v}. We then define a
relation ∼ where u ∼ v if and only if u = v or u and v are twins. It is quite obvious
that ∼ is an equivalence relation on V (G) (see [4]). We shall denote by v∗ the
equivalence class containing the vertex v. The following lemma shows the relation
between the cardinality of an equivalence class with the multiset dimension.
Lemma 3.2. If G contains a vertex v with |v∗| ≥ 3, then md(G) =∞.
Proof. Let W be any m-resolving set of G and v1, v2, v3 be three vertices in [v].
Then either at least two of v1, v2, v3 (say v1 and v2) are in W , or at least two of
them (say v1 and v2) are not in W . In both cases these vertices cannot be resolved,
because d(v1, x) = d(v2, x) for any other vertex x ∈ V (G) \ {v1, v2}.
It is clear that pendant vertices adjacent to a particular vertex are members of
the same equivalence class. This leads to the following corollary.
5
Corollary 3.2. If G contains a vertex which is adjacent to (at least) three pendant
vertices, then md(G) =∞.
From Lemma 3.2, in order to ensure that a graph G has a finite multiset di-
mension, the cardinality of each equivalence class v∗ is either 1 or 2. In particular,
when |v∗| = 2, then exactly one of the two vertices in v∗ must be included in any
m-resolving set of G, otherwise the two vertices have the same distances to any
other vertices in G.
Lemma 3.3. Let G be a graph with finite multiset dimension. If v is a vertex in G
with |v∗| = 2, then any m-resolving set of G must contain exactly one vertex in v∗.
The necessary conditions in Theorem 3.1 and Lemma 3.2 are, unfortunately, not
sufficient for a graph to have finite multiset dimension. We shall give an example
of a tree of diameter 4, having no vertex v with |v∗| ≥ 3, but has infinite multiset
dimension. Let T be the rooted tree of height 2 with the root vertex having 3
neighbours, each of them adjacent to 2 pendant vertices. LetW be any m-resolving
set of T . By Lemma 3.3, exactly one pendant vertex from each pair must be in W .
Now, consider the 3 vertices in the first level. Either at least two of them are in W
or at least two of them are not in W . In both cases, the two vertices have the same
representations with respect to W , regardless what the members of W are.
However we shall present a family of trees where the conditions in Theorem 3.1
and Lemma 3.2 are both necesarry and sufficient for the tree to have finite multiset
dimension.
Theorem 3.2. The multiset dimension of a complete k-ary tree is finite if and
only if k = 1 or 2. Moreover, if T is a complete binary tree of height h, then
md(T ) = 2h − 1.
Proof. Let T be a complete k-ary tree of height h ≥ 1. If k ≥ 3, then by Lemma
3.2, md(T ) =∞. If k = 1, then T is a path and md(T ) = 1 (by Theorem 2.1).
Let k = 2. If h = 1, then T is a path having two edges and md(T ) = 1. So,
let us study binary trees of height h ≥ 2. Let W be any m-resolving set of T .
Consider the last level h of T containing 2h−1 pairs of pendant vertices of distance
2. Note that exactly one pendant vertex of each pair must be in W (otherwise their
representations would be equal). Now consider level h − 1 of T having 2h−2 pairs
of vertices of distance 2. Vertices of each pair have the same representations with
respect to the vertices in W which are in level h and they have the same distance to
any other vertex of T . So the pair cannot be resolved by other vertices, which means
that exactly one of the vertices of each pair is inW . We can repeat similar arguments
for next levels (levels h− 2, h− 3, . . . , 1) to obtain 2h−1 + 2h−2 + · · ·+ 1 = 2h − 1
vertices that must be in W , thus md(T ) ≥ 2h − 1.
In each level i of T , where 1 ≤ i ≤ h, there are exactly 2i−1 pairs of vertices
of distance 2. Let W contains exactly one vertex of each such pair. So |W | =
∑h
i=1 2
i−1 = 2h − 1. We prove that W is an m-resolving set. Let us show that any
two vertices u, v of T are resolved by W . We consider two cases.
(1) u and v are in different levels, say i and j, where 0 ≤ i < j ≤ h:
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The distance between v and 2h−2 vertices of W which are in level h is j + h.
On the other hand, there is no vertex in W of distance j + h from u. Thus u
and v have different representations.
(2) u and v are in the same level i, where 1 ≤ i ≤ h:
If exactly one of them is in W , clearly they have different representations. If
none of them is in W or both of them are in W , then let us denote by x the
central vertex of the path connecting u and v. This path has even number of
edges, say 2s, and then x is in level i− s. We know that x is adjacent to two
vertices, say x1, x2, in level i − s + 1. Both, x1 and x2, belong to the path
and exactly one of them, say x1, is in W . Clearly d(u, x1) 6= d(v, x1) and it
can be checked that u and v have the same representations with respect to
W \ {x1}. Hence W is an m-resolving set and md(T ) ≤ 2
h − 1. The proof is
complete.
We suspect that characterizing all graphs with finite multiset dimension will be
difficult, however we would like to ask similar question for trees in the following.
Problem 3.1. Characterize all trees having finite multiset dimension. Give exact
values of the multiset dimension of trees if it is finite.
4 Graphs with multiset dimension 3
From Theorem 2.3 we know that the multiset dimension of any graph other than a
path is at least 3. Here we present two families of graphs showing that the lower
bound is sharp. The proof for the first result was given by Charles Delorme.
Theorem 4.1. [2] Let n ≥ 6. The multiset dimension of the cycle Cn is 3.
Proof. The description of the representations of vertices depends on the parity of
n; in both cases, we check that the set W = {v0, v1, v3} with a usual labelling of
the cycle is convenient.
If n = 2t with t ≥ 3, the representations of vertices are the following.
v0 v1 v2 v3
{0, 1, 3} {0, 1, 2} {1, 1, 2} {0, 2, 3}
vi (3 < i < t) vt vt+1 vt+2
{i− 3, i− 1, i} {t − 3, t− 1, t} {t − 2, t− 1, t} {t− 2, t− 1, t− 1}
vt+3 vi+t (3 < i < t)
{t − 3, t− 2, t} {t− i, t− i+ 1, t− i+ 3}
If n = 2t+ 1 with t ≥ 3, the representations of vertices are given by:
v0 v1 v2 v3
{0, 1, 3} {0, 1, 2} {1, 1, 2} {0, 2, 3}
vi (3 < i < t) vt vt+1 vt+2
{i− 3, i− 1, i} {t− 3, t− 1, t} {t − 2, t, t} {t− 1, t− 1, t}
vt+3 vt+4 vi+t+1 (3 < i < t)
{t − 2, t− 1, t} {t− 3, t− 2, t} {t− i, t− i+ 1, t− i+ 3}
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In the following, we denote by GH the Cartesian product of the graphs G and
H .
Theorem 4.2. Let m ≥ 3 and n ≥ 2. The multiset dimension of the grid graph
PmPn is 3.
Proof. We can write V (PmPn) = {vi,j | i = 1, 2, . . . ,m, j = 1, 2, . . . , n}. Then
E(PmPn) = {vi,jvi,j+1 | i = 1, 2, . . . ,m, j = 1, 2, . . . , n − 1} ∪ {vi,jvi+1,j | i =
1, 2, . . . ,m− 1, j = 1, 2, . . . , n}.
Let us show that W = {v1,1, v1,2, v3,1} is a m-resolving set of the graph PmPn.
We present representations of vertices with respect to W as follows
rm(v1,1|W ) = {0, 1, 2},
rm(v2,1|W ) = {1, 1, 2},
rm(vi,1|W ) = {i− 3, i− 1, i} for 3 ≤ i ≤ m,
rm(v1,j |W ) = {j − 2, j − 1, j + 1} for 2 ≤ j ≤ n,
rm(v2,j |W ) = {j − 1, j, j} for 2 ≤ j ≤ n,
rm(vi,j |W ) = {i+ j − 4, i+ j − 3, i+ j − 2} for 3 ≤ i ≤ m, 2 ≤ j ≤ n.
Since no two vertices have the same representations, W is an m-resolving set and
hence md(PmPn) = 3.
We conclude this section by asking the following.
Problem 4.1. Characterize all graphs with multiset dimension 3.
5 Multiset dimension for Cayley graphs
Since the multiset dimension is a new invariant, there is a very large space for
research in this area. We have stated a few interesting problems and conjecture
in the previous sections and we would like to add an additional problem as stated
below.
Problem 5.1. Study the multiset dimension for Cayley graphs of cyclic, Abelian,
and non-Abelian groups.
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